CONGRUENCES WITH CONSTANT ABSOLUTE INVARIANTS*

BY
H. L. OLSON

I. INTRODUCTION

It is well known that any congruence can be regarded as the aggregate
of lines tangent to two surfaces, or, as some authors prefer to say, the
double tangent lines to a surface of two sheets called the focal surface.
The present discussion will deal only with a portion of a congruence in
which each line touches the surface in two distinct points. We shall make
the further assumption that neither sheet of the focal surface is developable
or degenerates into a curve.

Wilezynski has shown that the homogeneous codrdinates, y1, ve, ¥s, ¥
and z,, 2, 2, 2, respectively, of the points in which a line of the con-
gruence touches the two sheets, Sy and S;, of the focal surface, may be
taken as four linearly independent solutions of a system of partial diffe-
rential equations of the form

Yo = me, &= ny,
(D) Y= ay bz +cyu +dev,
2w = a'y+bz+c yu+d 2.

Since, when four linearly independent solutions, ¥, z; (¢ = 1, 2, 3, 4), are
known, any four linearly independent linear combinations of these (with
constant coefficients) can be taken as a fundamental system, the system
of differential equations (D) can be regarded as representing the totality
of congruences projective to a given one.

In order to obtain a system of equations of the form (D) it is necessary,
besides taking the loci of y and z to be the two sheets of the focal sur-
face, to choose the independent variables, « and v, so that if » be taken
constant the variable line yz will in every case generate a developable
having its cuspidal edge on Sy and if v be taken constant the line yz will
in every case generate a developable having its cuspidal edge on S,.

In order that this system of differential equations may have four linearly
independent solutions (y, z) certain restrictions must be placed upon the
coefficients; in the first place we must have ¢, = dy; in other words, there
must exist a function f such that

1) c = fu, d = Jo.

* Presented to the Society, February 28, 1925.
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The following further conditions must be satisfied:

b = —dv—dfy, a = —cyp—c fu,
mn—c d = fiu= W,

My + oo + dfe + do fo—frumu= ma -+ dl’,
Mer + Gt € fuut Cufu—Ffone = ¢ a+nl,
2mun+ mne= ay+fumn-+add,
myn+2mn, = byt fr mn+be'.

@)

It is geometrically evident that the most general transformation under
which the above-mentioned geometrical properties are preserved is

) y = 4(u,v)y, 2= p(u,v)z,
4 u = a(u), v = B(v).

The transformed equations will have the particular form (D) if and only
if 4 is a function of » only and w# is a function of v only,

(5) y = AMu)y, z=p)z.

Under transformations of the types (4) and (), certain functions of the
coefficients and their derivatives are unchanged except perhaps for multi-
plication by functions of «, 8, 4, and w and their derivatives; such functions
are called relative invariants. An invariant which is absolutely unchanged
by transformations of the types (4) and (5) is called an absolute invariant.
A fundamental set of relative invariants, i. e., a set having the property
that every relative invariant is expressible in terms of these and their
derivatives, consists of m, n, ¢, d, and

%) _ 14?“”_51;— _8% log (Am®),
@

€= -+ 5 5, log(d*m),
O = § g oy s,

In defining these invariants (6) we assume, evidently, that m, n, ¢/, and d
are different from O for the values of « and v considered. It is the purpose
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of this thesis to study the properties of those congruences of which the
absolute invariants are constants. Under the transformations (4) and (5)
the relative invariants mentioned above become*

_ y) _ A -
R R L T B A -
@) e o Ao raj
% _ 1 @) @ _ 1@ (g)”: 1 @, gg”z 1 gg”
@, ’ ay B R

We shall need some further material from Wilczynski’s Brussells paper:
the differential equations of the two sheets of the focal surface are,
respectively,

d
st i = amy om0

(8) e
Yuo = mny+ -~ 4o,
and
) , ;g ’
— ¢ Zuut+nzw = b'nz+ (a'— n zZutdnz,
)

Ny
Zuy = mnz‘l‘ ‘;‘Zu..l-

The differential equations of the 1st and (—1)st Laplace transforms are
YO = m® D ) )

(10) YD = a® y® 4 pW L0 4 (D yD 4 GO L
D — OO DOy O D g B

and a similar system with the superfix (—1) instead of (1), where

88
m(mn—— Ym0 logm),

[l

mo

(1)

n®

|

3|~

’

* Wilczynski, Sur la théorie générale des congruences, pp. 9-20 (cited hereafter as
Brussells paper).
+ Brussells paper, Section 7.
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ad = a+f““—2%logm+ (%—-% (—"’;l—fu),

8
bW — m(au+bn+ afu-}-dnv—:—u, logm)

+ 2 (bt bt dmn — 222)

(ot 2 — 22— s togm)

{11) + (fu+ %“— —:‘1—"') (muu—fumu—-bTm"——- am),

32
d d(c’d auavlogd),

a® = _}i_ (% _fu) )

2 1 b
o — _E%?IOgm_i"T[(m““_am—f"m“——_::v—)’
SO (1?
W_ g M
J - .ﬂ+ d m ’
and
m—D = %,
2
nh = n(m'n 0 logfn).
dudv !
2 ’
= = —-aa—u,logn-F—T(nw-—bn—f;n.,— a:"
(12)
pn — 1 (ﬁ’__ )
=7\ )

& Mu o o,
N = ‘(7‘—_+.fu:
1

=y = —,
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=1 __ ’ ’ ’ /
a’ = n(bv+am+bfv+cmu——~———-logn)
!
. a
+ % (a{, +a'fo+ mn— ——@’—)

o (fu b2 222 logn)

n

a2 (f.,+_~.._.. ") o ).

VD o= b frn—2 logn + (—, — ——) (% —fv):

n
2

Y = ¢ ((’ d— 5—35-—logc’),

d’(_l) = . - —— .*
jt + cl n

w @ @ @
IL. Case 1, BB, €"F¢"

19

1. Under these conditions it is convenient to use the following absolute

invariants, which, as stated above, are assumed to be constants:

i dd
1 mn ’
& 2] — log(dm’)
iy = Ty e .
B—B ———log(c *dm? n)
. &)" 2fv —_—— log (c n‘)
1) 8T @ T ‘
"_g” — Iog (r d’m n’)
o @ ilog(c’sdm"n)
. B—8B  ou
U T R i T gtz ik’
0
@ © 9 ' 38, 8
. c// @II B 90 log(c ad*mn®)
= ml/z niit cll/4 o 8 ml/2 pl4 c11/4

* Brussells paper, Section 10.
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In consequence of the fact that ¢, is a constant, the fourth and fifth of
equations (1) can be written

[ 1
. 72; lOg (ml" ni4 6,1/4)
(2) 2q - "“ﬁl?i%i/—z"&'lfi*__" ’
9 14 12 J1/4
= - m1/2 ,n1/4 611/4
From (2) we find
3
. 0 ..
dudv log (m2 nt/4 M) = 4, o (mtlt nl/2 @A) — G, G5 mOlt n3lt ¢V QU
&)
]
. 0 .. |
dudw %8 (mf e @) = s u (24 M) = Gy i w4 " @A,
Hence
ot mc'
4 0 (_._) -
@ dudv 8\ nd 0,

and mc’/nd is the product of a function of « only by a function of v only.
Hence, according to equations (I, 7) we can find a transformation of «
and v which will make the transform of this expression identically equal
to unity. Let us assume that this transformation has already been applied,
so that

mc'

5) i = 1.

From the second and third of equations (1)

2fu= B—Bu log (¢'** it mdiats i),

(6)
. 0 P .
2fe = . log (¢ dPis mis ndit8),
whence
3® ¥l Ba—ints
O Budy IOg{ L g iats | 0,
and

8is—is—1 _ 8iy—is}8
c'z’ s mu st

dBla—ia—1 yBi—int8

is the product of a function of u only by a function of v only. From
equations (I,7) we see that it is possible to find a transformation of y
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and z only (under which (5) is preserved) which will make the transform
of the expression in the bracket in (7) identically equal to unity. Let us
assume that this transformation has already been applied, so that

8iy—is—1  8i;-i+8
(}’ —13 moh tat

(8) P piats — 1

From the first of equations (II,1) and equations (5) and (8)

!
e __ 4 — i
‘ n m 1o
(9) /,nl'r—i:rl'l nin—ir—l J— Zl— (i,—-i;)IZ’
d—ot1 pi—i—1 — 1,‘}/2.

Substituting equations (9) in the last two of equations (1), we obtain

d(mn) 9 (mn)
. ou . ov
(10) T (mn ) T 248 (mn)R
whence
(11) mn = 1

an (G4 Bo)
From equations (9) and (11) we find

(tau vy
S

i1
(12) * = Gantigoyeit
, saintors
¢ = (Zgu + g5 v)s—utt’
4 = Gty
R T
and from equations (6) and (12)
f_ —Rislatist 1)
13) ot v
fo = — 24 (ti+1)

u -+ v
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Then from the integrability conditions (I,2) it follows that, if W 0
(. e., if 4 F 1), the coefficients of the differential equations (D) can be
written

m = mo (t,u~+i5v) 2, n = ny (Lgu+i5v)~,
a = ay (igu-+1i5v)72, b= by (su+tidsv) =3,
(14) ¢ = ¢y (Ggu-+tu0v)1, d = dy (dgu+i5v)2,
a = ao (utev)7"1, bV = by (leutisv) 2,

¢ = ¢y (fgu0+25v), d = dp (lyu+i0)7,
where the letters with subscripts O represent constants, and where
(15) jo= te—is+1.
Substituting equations (12) and (14) in (I, 2), we obtain

y — Ga(it3a+3)
) =

G a—8)/8 ’
2;.“ 3—8)/

, _ a(8is+14i+3)

a0 = Gt 88
u
T i
1 stis+1 = —5—
(16) s+t Tide

(ig—i5—1) (8 4a+145) 43 — i1 (s — 45— 2) (42 + B4s -+ 3) 12 = ao+ 41" bo,
(ia—idg+2)(B2+ i+ 8)i2 — i1 P (a—ds+ 1) (42 + B 4s) 32 = ao+ 41 " bo,
@4 (84a+ds+3)is—in M (Bt iz—1)ie = 2450,
G+ Bi5+3)is— 67 Y (ig+8is—1)45 = 2isbo.
From the fourth and fifth of (16) we find

(i—1)ao = [i1(ia— s+ 2)(Bd+ is+ 3) — (42— is—1) (3ia+ 45)] &2
— %1245+ 6) 43,
17 . ’ 1/2 . 2 . . . .
(1—1)bo — — &1 (1243--6) 34— [0 (22— 43— 2) (42 + 34 -+ 3)
— (2= d3+ 1) (52 + 318) ) 5.

But from the third, sixth, and seventh of (16) we have

(1—1)ag = — (i + s+ 1) [i1(8d2+ 45+ 3) — (B4a+ is—1)] 45,
(1—1)bo = — (i2+is+1)[01(i2+ B4s+ 8) — (ia+ 3is—1)] &,



1925) CONGRUENCES WITH CONSTANT ABSOLUTE INVARIANTS 23

and from (17) and (18)

[i1(24+ 3) (342 + ds+ 3) — (6485 + 26 ig— iz — is—1)] 4k
19) —4%(1243+6)4 = 0,
— (12424 6) 4% + [61(245 + 3) (32 + B4s+ 3)
— (24545 + 645 — tp—dg—1)]45 = 0.

It can now be easily seen that if ¢, ¢, i3, 4, and ¢ are constants
satisfying the third of equations (16) and equations (19) and if ¢, 7,, and 4
are all different from zero and 4, is different from 1, a congruence exists
having the absolute invariants 7, ¢, %, ¢, and 45, as defined by equations (1),
equal to the specified constants. If, further, a definite choice be made of
the values of the fractional powers of 7 in equations (12) and the first and
second of equations (16), the congruence is uniquely determined except for
projective transformations. For under these conditions equations (17) de-
termine ao and by, which satisfy also equations (18) and the last four of
equations (16). The first two of equations (16) determine ao and bo.
Then a, o/, b, and b’ are determined by equations (14), and ¢, ¢, d, d', m,
and n are determined by equations (12) and (13). Then, according to the
general theory, the congruence is determined except for projective trans-
formations.

Since neither 7z, nor i is zero, equations (19) imply

#2(8iz+is+3) (2 +3is+3) (2i2+3) (2is+ 3) —i1[24 42 is+ 8045 43
+ 244ri8+ 1243 + 1164345 + 116 4538 + 1245 + 3045 + 1404545 + 3043
+ 864y + 3645+ 18] + [1243 45+ 4045 o5 + 1245 55 — 645 — 1043 4
—104; 55— 645 —bis—243 t3—Dis+ 24+ 24+ 1] = 0.

(20)

2. The differential equations of the two sheets of the focal surface are,
by equations (I, 8) and (I,9)

g = G0 Mo G Mo bo—15(j—2)do
T N A CEE DI
Moo 4W(J—2)
Yo = Ciutiso) ! Gautigo) 7
and
. o bo o | @tidsgeo dg o
2 Gt Mow = T AT e Ty A Gy

= MBI,
w (tew + 45 v)® (dgu-Figv) “"
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In order to obtain a system of differential equations representing Sy referred
to its asymptotic curves, we make the transformation

W= V—dyu+Vmeu, =V —=dou—Vmyuv,*
under which equations (21) become

2m0 V —domy — a9

Y = 4dy v
como V' —do + V'mo (bo—is —2) do) — 20, G —2) my V — do
4d0m01’ yu
comoV —do + Vme (by—is —2) do) + 244 j—2)mo V —dy
4domo1f' Yo,
(23) o
o =2V —dome— a
Y = 1dev Y
Comol/ do+l/mo(bo*‘25(]_2)do)+2l4(] 2)mol/— _
4 dy my v ye
_comoV —do +V mg (bo—145(j — 2) do) — 24, (j — 2)moV-—do
4y my v Y7
where

o GV me iV —do)u + (6 Vme—isV —dy) v
24) v=iutie= Vi .

If we write equations (23), for brevity, in the form

1m+2a 1ﬁ+2ﬂy’+2’;/ -

(25)

o +2a ’/u‘*"?ﬂ i ‘l"?’ y == 0,
we see that the fundamental seminvariants o', b, f, gt are of degrees
—1, —1, —2, —2 respectively in ». Hence the relative invariants
b, h, k are of degrees —1, —1, — 4, — 4 respectively. Since they are
of weights (—1,2), (2, —1), (6, —2), (—2, 6) respectively, the exponents

* Wilczynski, Projective differential geometry of curved surfaces, first memoir, these
Transactions, vol. 8 (1907), pp. 233-260, equation (22); this memoir is cited hereafter
as Curved surfaces.

T Curved surfaces, equation (38).
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P, ¢, 7,s in an absolute invariant of the form a'” b7 A7 ks must satisty the

relations
—p+2¢+6r—2s =0,

(26)

2p— q—2r+6s = 0.
Hence
(27 pt+qgt+dr4+4s =0

i. e., any absolute invariant of this type is constant.
From the invariants o', b, A, k, four others,

(28) A=—4db B=4d*b, H=dh, K= bk

are derived, which have weights (3,0), (0,3), (5,0), (0,5) and degrees —3,
—3, —b, —bH respectively. From these, all others can be obtained by
means of the operations

U~ ¢ P V=28-—

and the Wronskian operation®; the U operation is applied only to invariants
of zero «-weight, and adds 2 to the v-weight and —2 to the degree;
the V operation is applied only to invariants of zero v-weight, and adds
2 to the u-weight and —2 to the degree. Since for each of the invariants
thus far mentioned the sum of the two weights and the degree is zero,
any invariant obtained from them by means of the U/ and 7 operations must
have the same property. Hence, if the weights are both zero, the degree
must be zero. Since the Wronskian operation is essentially partial diffe-
rentiation of an absolute invariant, it can, under our hypothesis, yield only
invariants which are identically zero. Hence all the absolute invariants
of the y shect of the focal surface are constants; the same proposition can
evidently be proved in regard to the z sheet. It is also readily seen that
both sheets are of the type discussed by Wilczynski in his paper On a certain
class of self-projective surfaces.v

By successive differentiation of equations (21) and elimination of all
terms involving differentiation with respect to », we obtain for the curves
v = constant on Sy a differential equation of the form

41)| L (.)1)0
Po Yuuuu + (hu + &o ) “ Yuuw T (24 w4 v)g Yun

4}?3 + Py _
+ (a1 75 0)° Y (Gou+asm)t 0,

* Qurved .sm;/'aces, Section 7.
T These Transactions, vol. 14 (1913), pp. 421-443.

(29)
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where po, p1, Ps, ps, and p, are constants. Since the absolute invariants
of this equation are constants (independent of both « and v), the curves
v = constant on Sy are anharmonic curves, all projective to one another.
In the same manner each of the families of curves w = constant and
v = constant on Sy and S; can be shown to consist of projectively equi-
valent anharmonic curves.*

If we write the differential equations of the 1st and (—1)st Laplace

transforms according to formulas (I, 10), (I, 11), and (I, 12), we find that
@) (2) ) (2
they have constant absolute invariants, B F B, and €" F €", but they

are not projective to the original congruence.

3. In the special case, 7, = 1, excluded from the above discussion sub-
sequent to equation (13), the sixth and seventh of the integrability con-
ditions can not be solved for a and b’, and hence equations (14) are not
valid. In this case equations (12) still hold (with 7, = 1), but equations (13),
together with the assumption that fiv = 0, become

(30) Ju= fo =0,
whence
(31) wt+i+1 = 0.

The integrability conditions then take the form

ci-d = ’ b = —dy, ad = — Ches
Muw~+ dye = ma- dbl,
(32) Ny + (’;Au = a + n b,,

2mun+ mn, = a +dd,
myn—42mny = by +bc.

Substituting equations (12) in the last four of (32), we obtain

(a—ts—1) (ia—is—2) (3 + 35) = (a+ V) Gsruw+is0),
(33)  (a—is+1)(la—ds+ 2)(ds+is) = (a+b)(ian+isv)’,

— 415

P L B i o e B
! ” (tsu-tiv)2

* Wilezynski, Projective Differential Geometry of Curves and Ruled Susrfaces, pp. 243,279
(cited hereafter as Projective Differential Geometry).
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From the last two of equations (33)

214

a = mz)—s + (a function of u OIIIY),
. 2 :
b = TGautiso) + (a function of v only).

Substituting these expressions in the first two of equations (33) we see that

244
a = 'T—_."—‘.——"l‘k,
U U (x4
(34) 5(4 _'|_5 )
’ 217

PIOTET D
where k is a constant independent of the invariants, and that

(a—is—1)(e—ds— 2) (44 + 45) = (ia— 43+ 1) (2— 43+ 2) (s + 45)
2(2442)
2415 ’

(35)

From the first two members of this equation it follows that

(2—is) (i +43) = 0.
From equations (12) we find

(36) m=d = (2:4 u-l—z:a v)i'f"”"l,
n = ¢ = (jqu-tigv)ots1,

As in (II, 1) it can be shown that if 4, (= 1) and 4, 4, %, 4, and %
be given as constants satisfying equations (35) and if neither 7, nor ¢ is
zero, the congruence is determined except for projective transformations.

As before, we see that the successive Laplace transforms are all projec-
tively distinct.

@) @) (@ @

III. CasE 2, B = 8B, €" = ¢”

1. We shall use the absolute invariant 7, defined in equations (II, 1) and
the absolute invariants
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)
e = a1 giia»

1)

&,

js = T 1ac
m1/2 n1/4 011/4

From equations (I, 6) and the hypotheses of this section

¢PdmPn = ¢ (v),
d d*mn® = Y(u).

@)

Since, according to equations (I, 7), under the transformations (I,4) and (I, 5),

&)

we can choose « and £ so that ¢dmPn — ¢ d®mn® — 1. Let us assume
that this transformation has already been applied, i. e., that

4) Pdmdn == Bmnd = 1.
Hence, according to (I, 7) and (3), we can choose @ and @ so that
(5) dm = dn =

From equations (I1,1) and (5)

mo= i;¥n"t,
(6) ¢ = i,
d = nt.

From equations (I, 6), (1), and (6)

Je My g -
ERE TR
O
Jo M
T T
Hence
8 . 9 9 08
8) Jw = —2 auav—logn = 2 YT log n,
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and
Juw =0,
(9) 92

dudv

logn = 0.

Hence n is the product of a function of » only by a function of » only,
and can be reduced to unity by a transformation of form (I, 5), which does
not disturb equations (5). Let us assume that this has already been done.
From the second of equations (I, 2), the definition of ¢;, and the first of
equations (9)

(10) iy = 1.

Then, since » = 1, equations (6) and (10) give

) m—=n = ¢ = d = 1.
Hence from (7) and (11)
g
fv - 4];,.

The integrability conditions can now be written

¢ = 4j,,  d= 4js,
b = —4j;, = —4j,,
(13) W= mn—dcd =0,
a+0 =0,
w == 0, B, = 0.

From the last three of equations (13)
(14) a =k, V= —1,

where k is a constant independent of the invariants.
The differential equations of the congruence are therefore

Yo = &, &y = Y,
(15) Yuu == ky — 4552 + 4Jayu + 20,
Zw = — 444y *kz+yz¢+4j5-?!‘~
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Obviously the congruence is determined, except for projective trans-
formations, by the (constant) values of i, (= 1), ji, s, and k.
2. The differential equations of the two sheets of the focal surface are

Yuw — Yor == Il?/ + 4j4 Yu — 4j5 Yo,
Yw = Y,

(16)

(17) Zuw — Zee = kz + 4,j4 2y — 4,7'5 2r,

Gwy = 2.

(See (I, 8) and (I, 9).) The two sheets are obviously projective to omne
another, with each point on one sheet corresponding to the point on the
other which is given by the same pair of values of » and v.

It is easily seen that each of the surfaces S, and S, has constant
absolute invariants*. The net of curves w = constant and » = constant
on each surface is isothermally conjugate and has equal Laplace-Darboux
invariants.t

As indicated in § 2, we find the differential equations of the four families
of parametric curves to be

(18) Yo — 4js Yo~ ktpuu+ 4Jsyu—y = 0,
(19) Yowr — 4Js Yoo +kyer +4Jayp —y = 0,
(20) Zwue — 41 Zws— K2uu+ 4js 20 —2 = 0,
(21) Zovee — 45 Zeor + k2o +4js e —2z = 0.

Since each of these differential equations has constant seminvariants,
each of the four families of parametric curves consists of projectively
equivalent anharmonic curves; in fact, the curves represented by equations
(18) and (20) are all projectively equivalent; similarly the curves represented
by equations (19) and (21) are all projectively equivalent. Furthermore,
since the differential equations, for example, of any curve, v = ¢;, of the
family of curves v = constant on S, can be transformed into the differ-
ential equation of any other curve, v = ¢;, of the same family, without
change of the independent variable w,} it follows that any two curves of
the family v = constant on S, are projective to one another, any pair of

* Curved surfaces, 1.

T Wilczynski, General theory of congruences, these Transactions, vol. 16 (1915),
pp. 318-322.

t Projective Differential Geometry, pp. 239, 242.
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corresponding points lying on the same curve of the family « = constant
on Sy. Similarly it can be seen that any two curves of the family
« = constant on Sy are projective to one another, any pair of corresponding
points lying on the same curve of the family v = constant on Sy. Evidently
the other focal sheet, S;, has the same property. Furthermore, since each
developable surface of the congruence is completely determined by its
cuspidal edge and since two developables are projective to one another if
(and only if) their cuspidal edges are projective to one another, it follows
that any two developables of the congruence belonging to one family are
projective to one another, any pair of corresponding generators lying on
the same developable of the other family.
A fundamental system of solutions of equations (15) is

— ec‘u+v/c,-
(22) v L
7 = — U (i=1,2,3,4),
&
where ¢, ---, ¢, are the roots (assumed to be distinct) of the equation
(23) et — 45,8 —ket+ 4j5e —1 = 0.

The Pliicker coordinates of the lines of the congruence are then

24) og = (5= 5 ) IS GG, .

€ e;
Hence the congruence belongs to the tetrahedral complex

(95) _ 13 W3y . 13 (4> — 014 Wy )
(32—31)(34_63) (es— e )(es—eq) (es—e€1)(es— €3)

These two equations represent one and the same complex, since from the first,
viz.

) @234 . gy
(es—e1)(es— e3) (es—e)(ee—es)’

together with the fundamental identity

w3 gy + 03 049 + w14 193 = O,
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it follows that

@14 (g3 T Wy W3y T W13 Wy
(es—e1)(es— ) (es—e)(es—e2)

o [—‘(32—31)(6‘4—63)—(93—31)(82‘—34)
(es—e)(es—es)(es—e)(es— e3)

] Wy Wyy

. Oe Gy
(e2— 01)(94 —e)

In order to obtain another equation of the congruence we replace the
subseript 7 in equation (24) by % and divide the resulting equation by
equation (24), obtaining the homogeneous equation

Wy (e,—-— e,}) (273 e(e —€) (w—v/e; e,‘)
wx  (e—ex)e

where ¢, 7, and & are any three distinct numbers of the set 1, 2, 3, 4.
If we take the logarithm of each side, set (7, 7, k) equal in turn to (1, 2, 3),
(2, 8, 4), and (3, 4, 1), and eliminate » and v from the three resulting
equations, we obtain, as the equation of another complex to which our
congruence belongs,

e (es—¢r) g[(el 05)320)1)] ((’461—&»03)1 [(94““@2)830’23]

(eo-‘(’s) (e1—es) ey oy (es—ey) (e2—es)e oy

+oaleze) g [lamaao]

(94_6’1) (es— ey) ey ooy

If the roots of equation (23) are not all distinct, equations (15) can still
be easily solved, and it can be shown in each case that the congruence
helongs to a quadratic complex. In each case the congruence belongs to
a complex obtained from a tetrahedral complex by making some or all of
the faces of the fundamental tetrahedron approach coincidence.

From equations (I, 11) and (I, 12) it is evident that the differential equations
of the 1st and (— 1)st Laplace transforms of the congruence (15), and hence
of all the Laplace transforms, are identical with equations (15). Hence each
Laplace transform is projective to the original congruence, corresponding
lines being determined by the same pair of values of « and ¢.

3. Conversely, if a congruence is projective to its 1st and (—1)st
Laplace transforms, corresponding lines being given by the same pair of
values of « and v, the congruence is of the type discussed in this section.
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This hypothesis implies that there exist functions 4 and 2’ of » only and
w» and ¢’ of v only such that transformations (I,5) will convert the differ-
ential equations of the original congruence into those of its 1st Laplace
transform if the functions 4, p are used, and into those of its (—1)st
Laplace transform if the functions ', u’ are used. Hence, in Wilezynski’s
notation,

02 pm
my == m(mn— " logm) = 7

udv
1 in
Inl = E [ ~—‘E—’
(26)
N A,
¢ = f,l = ‘“,C 5
92 ud
_— J —_ _
d — d(c a——2 ogd) 2,
1 'm
m—y — —n == ”;'/ )
_ ( o ) _ ¥n
N1 = nim dudv gn w
(27)
o I( ' d— 9* U A
= opea 0101 g ) oW
!
_ 1 _ wa
d—l - C’ - 2.’

0 o —
m 3ud logm = mn = i

0 '
MR ey BT T M T

(28) 32 ’
e ro_ 2~
dd Sudv loge dd i

92 w
/ e ey ! = o,

¢d Yo logd ‘d 7

tquations (28) imply that each of the coefficients m, n, ¢/, d is the
product of a function of « alone by a function of » alone. Hence it is
possible by means of transformations of types (I,4) and (I,5) to reduce m
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and % to unity; let us assume that this has already been done, and that
equations (26), (27) and (28) apply to the coefficients in this form. Thus

m=n=1,
(29) A =up,
Vo=

Hence 4, u, 4, and p' are constants.
Next note that

. 0 d 24
R TR T

) 0 d 2
& = it log (1) = —2be,
(60) 9 ¢ 22,
-1 = Sut 7, log -7—;—) =S

From (29), (30) and the fact that 4, u, ', and »’ are constants, it follows
that ¢ and d are constants. From (28) and (29)

(31) dd = 1.

Hence, according to (I, 7) it is possible to reduce ¢’ and d to unity without
disturbing m and ». Let us assume that this has already been done, and
that in equations (26), (27), (28), (29), (30), and (31)

(32) m=n=¢ = d=
Since
(33) a4 = a'{'f;ua: a,

oy = b4 fon =V,
and since, from (29) and (31),

(34) Juw = mn—cd =0,
it follows that f, ai. f, are constants,

fu = 4j4,

35
( ) ﬁ: :4j5-
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From the first and second of the integrability conditions (I,2)

0 == — fu = —4j0,

36
( ) b — _')‘;, - —4‘75-

From the fourth, fifth, sixth, and seventh of the integrability conditions (I, 2)

37 a =k, b = —k,
where % is a constant.

We can now easily prove the stronger theorem that if a congruence I’
is projective to its 1st Laplace transform I, each line of the original
congruence corresponding to the line of the Laplace transform which touches
a focal sheet at the same point, then the congruence has constant absolute
invariants. For, in the first place, since the Laplace transform is projectively
defined, any congruence projéctive to the given one is projective to the
first Laplace transform of the former. Hence I is projective to the second
Laplace transform, I';, of the original congruence. Thus I3 is projective
to its first Laplace transform I; and to its (— 1)st Laplace fransform 7,
with correspondence as described above. Hence, as we have just shown,
I' must be projective to its 1st and (—1)st Laplace transforms, and there-

fore, by the) theorem just proved, I" has constant absolute invariants,
() (2) (7)) @)
with 8 = B, and ¢" = €".

(Y) (2)

(7)) (2)
IV. Case 3, B =98, ¢"F£¢"
1. It is convenient to use the absolute invariants

¢'d

1'1:_—:_‘ ———

mn’
%
4T i que
(1) (2)
@H
Is = 4 1187
mi2 nil ¢
@,
jﬂ = ———

o T4
ml/2 pia o'V

Since

@ @ 2 8
2) 8(B—B) = E-;log(c dm®n) = 0,
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we can, by a suitable transformation of v, make

b

(3) (;13 dmdn = m .

Let us assume that this has already been done. Then from equations (1)
and (3)
o

4) 5, 108 (¢ d*mn®) = 8m2plit ¢ (jo—js) = '?:
Hence, by a transformation of «, we can make
6)) d ddmn® = 18

without altering equation (3). Let us assume that this has already been
done. From (3), (5), and the first of (1)

z5/3
c' d = - 1 .
Je—Js
i—a,ls
mn — “.—1'—.,
6) 76 —Js
i 3/8
d'm S —
(Je—gs)*v*”’

dn = i " (je—ijs5) .

From equations (1) and (6)

@) (2)
B =B =1q"%,0,
@) ;
7 R
@ (Je—gs) v’
(2) y
e S
(Je —Js) v
From equations (1) and (7)
0? a((&’f)" a%) 25
— == —_— frmne Y
® du dv log (dm) 2 du dv e

Hence by a transformation of y and 2, which leaves equations (6) and (7)
unchanged, we can obtain

9) dm = yte— 2w,
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where
(10) k= i ",
From equations (6) and (9)
e—lmv
m TETT e e e
i (e —75) ’
n = z~1—1/4 ekuv’
(11) 1/2  kwv
c’ == _u__......
(je —Js )8 v’

. 7:}./8 (j6 ——js) 04 e—-kuv .
From equations (I, 6), (7) and (11),
ﬁ‘ == 2 k v,

65— 276
= 2ku+ 0P 78
% “T (.76—.75)?)

(12)

The integrability conditions can be written

b = &% [k(s —jo) uv* — 2 (Go+Jjs) "] ™,

g =3k
(je _j5)9 v
qU_ g 274(js —Js),

312 '+ 64 (ji —72) ¥+ 201 k(Je—Js) (o — Bjs) uv’ — it k* (Jo—js) ol v*
(13) = a4+ Gs—js) o'V,
— (o —js) 1 v + 38 K 0 + 28 (s — js) (jo — B7s) uv’
= ' a+(s—ss) 'V,

3R — ™) ko

= - = —6k'v
W (Joe —Js) "
p, — (= Dku | 208Gt o)+ o — 35)]
¥ T 88, . . . N2 .
i (Jo—Js) (Je—Js)'v

If 4, were equal to 1, j,, and hence k, would vanish. It would then

) (2)
follow from (11) that €” = €", which is contrary to hypothesis. Hence
4+ 1 and the fourth and fifth of equations (13) give



38 H. L. OLSON [January

o — upr 4 88 Ge )’
(14) (1— %)
bl — 2k(.76— 3.’5)_2_3 . 6 il (jd +j5) e — B ug.

(Je—Js)v (1 —41) (Jo—Jjs)v*
From the sixth of equations (13) and the first of (14)
(15) jo—js = i K (i —1),
From the seventh of (13) and the second of (14)
(16) " k(o 3js) (o —Js) — 1 (o +7s) + (3js—js) = 0.

From the third of (13) and (15)

_ —ji - (1—1%)
ST T T,
jﬂ oz —‘74 —(--1 —_ zl)

: it 44" 5,

From (16) and (17)
(18) 2ji4+144 = 0.
From (17) and (18)

1+ 34

Js = TTam
5 4z}/4.74 ’

4a5, "

(19)
je =

Substituting equations (19) in (11), (12), (13), and (14), we find

_ 28
(l—it)
n o= i H ™,
a = —3i M5,
(a—1) | 4jsv ] _
b [—;'.1—/4‘"‘ vt 18 ] kuv’
(2} u
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¢ = 21'1—1/87'4 v,
. (1-—2'1)1)4”_"“"
4= 248, ’
1 J4
g _1217/3 3 kui
gt
(20) y o —12(144) 8w jiu’
(]——2.1)2’02 (1_“21)'0 1/4 ’
,_ Ahgie™
(1__21)2 47
d,= 2j4u 81«]
Thad (1—d)v’

Evidently, if the absolute invariant j, be given equal to a constant different
from zero and from 1" —1 and if definite values be assigned to the fractional
powers of 7;, the congruence is determined except for projective trans-
formations; for ¢, js, s, and %k are determined by equations (18), (17),
and (10), and the coefficients of the differential equations are determined
by equations (20).

2. The differential equations of the two sheets of the focal surface are,
according to equations (I, 8) and (I, 9),

1—i)** 14 . —18 . 2(1—a)jiv’
Yuu— (Tzl’%z Yo =—311 " jirty+ 24 1/8]4’0yu+""(" il,’:)7i£yv’
1 4 1
21
@1 _ 24 . )

Y = 1/8 (1_:217)4?/ _21 .74 VYv;
4G (20t | 8l juu | jiu ]
(1—a)zet ™™ % (1—a)2e ' (1—d)w i

Inglsﬂ [2j4u 8u ]
(22) A O—aye ™ e + (1—d)v
274 .
Zuv == -iTé—(—ij“:—z )4+71 74 uZu.

From equations (21) we find the equations of the parametric curves on
the surface Sy to be



40 H. L. OLSON [January
(23) Yuurwe == O;

4(1—34) _ 124,(1—384%) 84 (1—34)(1+14)

Yot T iy BT e T T g P
4 (1—3i)(14+4)
(1—i4;)*o*

(24)

y = 0.

Evidently the curves » = constant on S, are cubics (obviously all pro-
jective to one another).

In order to simplify the computation and the resulting form of the differ-
ential equations of the parametric curves on the surface S; we make the
transformation

z = dw7z,

under which equations (22) become

aatsh o e(1+a)@—a) -, 8#%%
A—ayet ™™= A—aps T A—are ™
84  —
(25) Ta—=m®
— 294 - Jav —
o o i
T R —a) S AR

The differential equations of the parametric curves on S, are

6(1—a)jio 5 2(1—41) (3+24) 0 5

(26) Zyreun + “Z‘,{l,—/r—" uu 2-%1/3 j4 bt

. (1—21)(7+321) ’04 - _.n.

372 z = 0;
24
8(1—24) .. |, 12(2—5i+54) _
Zvvvv+ (1_11)0 Zvvv+ (1_,‘1)2,02 2

(L—d1)% 8 ’
4(144)(6—204 +194—34) -
+ (A Fa) o *=0

It is easily seen that each of the differential equations (23), (24), (26),
and (27) has constant absolute invariants, and therefore represents a family
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of projectively equivalent anharmonic curves. Hence all the developable
surfaces of each family are projectively equivalent. Furthermore, equations
(24) and (27) have seminvariants independent of ; hence, as in III, since
the differential equation of any curve u = constant on either sheet of the
focal surface can be transformed into the differential equation of any other
curve » = constant on the same sheet by means of a transformation of the
type y = Ay or z = Az, where 2 is a function of w und v, it follows
that, in the projective correspondence between any two curves » = constant
on the same sheet of the focal surface, any pair of corresponding points
lie on the same curve v = constant on the focal sheet in question. Similarly,
the curves v = constant on Sy, are projectively equivalent, corresponding
points lying on the same curve u = constant on Sy.

By means of formulas (1,10), (I,11), and (I,12) it can easily be shown
that both the 1st and the (—1)st Laplace transforms of our congruence
are of the same type as the original congruence (i. e., have constant absolute

()] @ @ @)
invariants), with 8 =B, €” £ €” but are not projective to it. Ifi, = 3
the sheet Sym of the focal surface of the 1st Laplace transform degenerates
into a curve, and if 4, = 1/3 the sheet Sy-v of the focal surface of the

(—1)st Laplace transform degenerates into a curve.
W O@ @
The above discussion can be applied to congruences having 8 8, " =¢"

by interchanging « and v, y and 2, and making other corresponding changes.

V. SUMMARY OF RESULTS

It is assumed throughout this thesis that the absolute invariants of the
congruences discussed are constants and that m, n, ¢, and d are all
different from zero. The congruences divide themselves into three main

types in which, respectively, neither, both, or only one of the relative
(2) @ ()

invariants (8 —3), (’(/S"—((E”) =00,
@ @ W @

In the first case, that in which uneither (8 — B) nor (€"—€") =0,
if the congruences are not W congruences the differential equations can be
reduced by a suitable transformation of the variables to a form in which
the coefficients are equal to constants (depending only on the absolute
invariants) multiplied by powers of (é;u+45v). Conversely, any system of
differential equations of form (I, D) with coefficients of this form satisfying
the integrability conditions represents a family of projectively equivalent
congruences with constant absolute invariants. W congruences of this type
depend on an additional constant independent of the absolute invariants.
Any congruence of the first type has all its Laplace transforms of the same
type, but projectively distinct. Both sheets of the focal surface and the

3
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cuspidal edges of all the developable surfaces have constant absolute

invariants, except in the case of some of the W congruences.

. @ @) (¢7)] @ . .
In the second case (i. e., if (B —B) = (C"—€")==0) the differential

equations can be reduced by a suitable transformation of the variables to
a set with constant coefficients depending on the absolute invariants and
on one additional arbitrary constant. Conversely, every congruence whose

differential equations have constant coefficients satisfying the integrability

ope . . . @ @ () (2)
conditions has constant absolute invariants, with (3 —%)=(€"—€")=0.

Furthermore, every congruence of this type is a W congruence and is
projectively equivalent to its 1st and (— 1)st Laplace transforms, corres-
ponding lines being tangent to the common focal sheet at the same point;
conversely, every congruence which is projective in this way to its

1st or (—1)st Laplace transform has constant absolute invariants, with
@) @ (<)) (2)
(B—B)=(€"—E€")=0. Every congruence of this type belongs to

a quadratic complex. Both sheets of the focal surface and the cuspidal
edges of all the developable surfaces have constant absolute invariants.
The developable surfaces of each family are projective to one another.

2 [¢)

A congruence of the third type, having ( 5(8) — (2113)) =0 but (((!5/3)"— (CS)” )EoO0,
is determined (except for projective transformations) by one of its absolute
invariants, j,. The developable surfaces of each family are projective to
one another. The 1st and (—1)st Laplace transforms are projectively
distinct from one another and from the original congruence.
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